Abstract. The finite-size critical properties of the O(n) vector ϕ 4 model, with long-range interaction decaying algebraically with the interparticle distance r like r −d−σ , are investigated. The system is confined to a finite geometry subject to periodic boundary condition. Special attention is paid to the finite-size correction to the bulk susceptibility above the critical temperature Tc. We show that this correction has a power-law nature in the case of pure long-range interaction i.e. 0 < σ < 2 and it turns out to be exponential in case of short-range interaction i.e. σ = 2. The results are valid for arbitrary dimension d, between the lower (d< = σ) and the upper (d> = 2σ) critical dimensions.
Introduction
The critical behaviour at a second order phase transition depends upon the dimensionality d, degrees of freedom n, symmetry of the Hamiltonian (either in spin-space or in coordinate space) and interaction potentials. Generally speaking, the nature of the potential of the model under consideration can describe different physical situations (for a review see reference [1] ). The simplest interaction potential, which has attracted the attention of investigators, is the one corresponding to long-range ferromagnetic interaction decaying algebraically with the spin interdistance r as r −d−σ , where d is the dimension of the system and σ is the parameter controlling the range of the interaction. The interest in such type of interaction is tightly related to the exploration of the critical behaviour of systems with restricted dimensionality, in which no phase transitions occur otherwise.
The investigation of systems with long-range interaction was initiated by Joyce in his paper on the ferromagnetic spherical model [2] . The results of Joyce were generalized to the O(n) vector ϕ 4 model by means of perturbation theory in combination with the renormalization group techniques [3] [4] [5] [6] [7] and the 1/n-expansion [8] . These investigations were also extended to dynamical critical phenomena (see Ref.
[9] and references therein). Computer simulations also contributed in the exploration of the critical properties of such systems [10] [11] [12] . The results of these simulations, obtained by means of the Monte Carlo method, concerned mainly systems with classical critical behaviour, in the sense that the critical exponents a e-mail: chamati@issp.bas.bg are those belonging to the Landau theory. Rigorous results were obtained for low dimensional systems with long-range interaction (see reference [13, 14] and references therein).
The analytic exploration of the scaling properties of confined systems with long-range interaction took its starting point on the spherical model. The reason for choosing that model is the relatively simple nature of the mathematical expression entering the equations characterizing its thermodynamics (for a complete set of references on the subject see reference [15] ). Very recently these investigations were extended to O(n) vector models [16, 17] , using the renormalization group approach and the ε expansion to the one-loop order. In reference [16] the Binder cumulant has been evaluated at the vicinity of the critical temperature. It has been found that the expression for that quantity can be deduced just by choosing an appropriate rescaling of the parameters in that evaluated for short-range interaction case. The authors of reference [17] evaluated the susceptibility at the critical temperature T c , as well as in the region, determined by the condition L/ξ 1, where L is the linear size of the system and ξ -the bulk correlation length. In this region the bulk critical behaviour dominates the finite-size critical one. It has been shown that the finite-size correction to the bulk critical properties of the system has a power-law nature. This result is distinct from that obtained for the case of shortrange interaction, where the finite-size correction falls-off exponentially.
In this paper we will investigate the finite-size scaling in a system with ferromagnetic long-range interaction at a fixed dimension d with critical dimensions of the model, with σ ≤ 2. To this end we will use the approach developed in references [18] [19] [20] . This method has been used successfully for the evaluation of critical exponents, as well as, critical amplitudes for various thermodynamic functions in the ϕ 4 model with shortrange potential. The most important property of this approach is that the quadratic (temperature-dependent) term does not enter explicitly the expansions, which can be used for both sides of the critical temperature T c . This method has been also used for the investigation of the theory of finite size-scaling [21] [22] [23] . While a perfect agreement between the analytical results of reference [21] and those obtained by Monte Carlo simulations has been reported in reference [24] , references [22, 23] showed disagreements with some of the known results. In particular we would like to emphasize their finding of the non-exponential decay of finite-size corrections to the bulk critical behaviour.
We will consider spin system consisting of ncomponent unit vectors associated with d-dimensional lattice and interacting via a pair potential of the general translationally invariant form. The Hamiltonian of this model is given by
where ϕ is a short hand notation for the space dependent n-component field ϕ(x), r 0 = r 0c + t 0 (t 0 ∝ T − T c ), a, b and u 0 are model constants. V ≡ L d is the volume of the system. In equation (1.1), we assumed = k B = 1 and the size scale is measured in units in which the velocity of excitations c = 1. We note that the operator ∇ σ is defined by its Fourier transform
The parameter β is set for the inverse temperature. Here we will consider periodic boundary conditions. This means
where k is a discrete vector with components
(a is the lattice spacing). In this paper, we are interested in the continuum limit i.e. a → 0. As long as the system is finite we have to take into account the following assumptions L/a → ∞, ξ → ∞ while ξ/L is finite. The critical behaviour of the model Hamiltonian (1.1), has been investigated in details in the early 70's. The main focus of interest has been turned to the evaluation of the critical exponents. Using renormalization group techniques, it has been shown that the critical behaviour of this model is dominated by the long-range interaction for 0 < σ < 2 [3, 5] . In this case the critical exponents are σ dependent, in particular the Fisher exponent η σ = 2 − σ.
As long as σ becomes of the same order as 2 − η 2 , where η 2 is the Fisher exponent of the short-range model, a crossover from the long-range critical behaviour to the short-range critical one takes place [4, 6, 7] . For σ ≥ 2 − η 2 the critical behaviour is dominated by the short-range interaction and the critical exponents are those of the pure short-range model. Another way to establish the relevance of the long range term for σ < 2 − η 2 is presented in reference [25] .
The plan of this paper is as follows. In Section 2 we describe the renormalization scheme for the bulk ϕ 4 theory with long-range interaction. In Section 3 we discuss the effects of confined geometries on the bulk critical behaviour. We investigate the influence of the long-range interaction on the finite-size correction to the bulk critical behaviour. In Section 4 we discuss our results briefly. An appendix is added in order to complement the results of Section 3.
The bulk system

Bare theory
For simplicity here we will consider the model with pure long-range ferromagnetic interaction i.e. the parameter σ controlling the range of the interaction is smaller than 2, value characterizing the short range interaction. In other words, we will consider the model (1.1) with the parameters a = 0 and b = 1. We believe that one has first to understand this model before starting to explore the model with both long and short-range interactions present. The investigation of the critical properties of the complex structure of this model will presented elsewhere.
It has been shown that the Hamiltonian with pure long-range interaction can be treated with field theoretical renormalization group techniques [5] . The renormalization constants as well as the field theoretic functions were calculated. A superficial discontinuity of the anomalous dimension of field theories occurs as soon as σ = 2. This however is true only at this particular point, and as long as we are far from that point, we can use the model with the spectrum r 0 + |k| σ . In this case the renormalization constants, to one loop order, are given by:
1a)
Z r = 1 + n + 2 ε u + O(u 2 ) (2.1b)
Here, as usual, Z ϕ is the scaling field amplitude, Z u the coupling constant renormalization, and Z r the renormalization of the ϕ 2 insertions in the critical theory. The parameter ε = 2σ − d denotes the deviation from the upper critical dimension.
The application of the method proposed by the authors of references [18] [19] [20] to systems with pure long-range interaction can be established easily following the way this has been done in combination with the ε expansion [5] . In particular we turn our attention to the inverse bare
